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Moving Element Method (MEM), a new method that incorporates moving co-ordinates into the 
well-known Finite Element Method (FEM), is a powerful tool in solving dynamics problems of 
moving loads.  It has been shown earlier to be an elegant method for one-dimensional train-track 
problems and subsequently developed for in-plane dynamic problems of rotating disks. The 
method is herein further advanced into more important out-of-plane dynamic problems of 
rotating disks in this thesis.  The study involves mainly numerical study to examine the 
efficiency and accuracy of the results.  Dynamic response including displacements, 
stresses and strains are studied numerically.  Two types of moving load problems, 
namely, stationary disk subjected to rotating transverse load (SD-RTL) and rotating disk 
subjected to stationary transverse load (RD-STL) are compared.  The effects of various 
parameters are investigated in the study.  They are effects of membrane stresses, 
damping, aerodynamic, modulus and Poisson ratios.  The advantages of the MEM as a 
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This thesis aims to study dynamic problems of rotating disks using Moving Element 
Method (MEM).  The applications of rotating disks in the industry and the importance of 
this study are introduced in this chapter.  A literature review would be presented on past 
analytical and numerical studies for problems that involve rotating disks and moving load.  
The recent development of MEM would be described.  Moreover, various possible disk 
models are looked into and the most suited one is chosen.  The objectives and scope of 
this study are defined.  Finally, the content of the subsequent chapters are introduced at 
the end of this chapter. 
 
1.1 General 
Rotating disks can be found readily in vehicle wheels, automotive disk brakes, circular 
saw blades and computer memory disks.  There is demand on increasing rotating speeds.  
Trains are to travel faster, faster circular saws imply higher productivity and higher 
rotating speed allow higher data access rates in disk drives.  The dynamic behavior of the 
rotating systems needs to be studied accurately and account for the effects of high 
rotating speeds.   
 
1.2 Literature Review 
Abundant literatures related to disk problems can be found over the years. The motives 
behind all the disk-related problems are their industrial applications like circular saw 
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blades, computer memory disks and disc brakes.  It is noticed that many of these 
applications involve a rotating annular disk subjected to stationary load.  In circular saw 
blade, as the blade rotates to cut an object, in-plane and transverse forces is exerted to the 
blade at the contact.  For a floppy-disk drive, read/write head exerts transverse load to the 
disk.  In the case of hard-disk drive, the aerodynamic interaction between the read/write 
heads and disks gives rise to transverse force on the hard disk.  On braking, a patch 
transverse load is applied at top and bottom of the rotating disc brake. 
 
In addition to loading, there are different concerns for these applications.  For circular 
saw blades, the initial stresses due to rolling and the temperature distribution and the 
loading at the edge of the disk would be the main concerns.  For data storage disk, the 
membrane stresses are significant due to the high rotating speed.  The effect of air flow 
and heat from the motor or induced by air friction can affect the response of disk greatly.  
Finally, the effects of friction force and high temperature induced due to the braking 
force are important for disc brakes.  Nevertheless, as the rotating speed is relatively low 
in the disc brake, the problem is often simplified as a stationary disk subjected to rotating 
load.  Various analytical solutions have been proposed over the years.  However, they are 
often restricted.  Numerical methods are proposed in recent decades to look into problems 
that are too complicated to be solved analytically, for instance, polar orthotropic disk, 
disk with varying thickness and disk rotating at varying speeds.  Numerical methods 
using FEM may be inefficient in solving problems that involve relative motions.  
Recently, a new method called the Moving Element Method (MEM) has been proposed 
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to improve FEM in solving 1-D moving load problems and can be extended to solve the 
abovementioned disk problems.  
 
1.2.1 Analytical Method 
Disk dynamics in both in-plane and transverse (out-of-plane) directions has been studied.  
 
In-Plane Responses 
Two cases in the in-plane response have been studied: stationary disk subjected to 
rotating load and rotating disk subjected to stationary load.  In both cases, relative motion 
between the disk and the load is involved.  The latter case is different from the former not 
only in the addition of centrifugal force but also Coriolis effect.  Therefore, it is only a 
good approximation for former case of disk rotating at very low speeds.   Srinivasan and 
Ramamurti (1980) studied the dynamic response of stationary annular disk subjected to a 
moving concentrated, in-plane edge load.  Chen and Jhu (1996) applied Bessel function 
in studying the case of rotating disk subjected to stationary in-plane load.  Coordinate 
transformation is applied in both analyses.  While Chen has only used linear strain 
relationship in predicting disk response and the existence of divergence instabilities and 
critical speeds, Moreshwar and Mote (2003) pointed out the stiffening of the rotating disk 
under rotation, and thus nonlinear strain, has to be considered at high rotating speeds.  
 
Transverse Responses 
For disk in the transverse direction, Kirchhoff plate theory has often been used as it is 
suitable for relatively stiff rotating disks like circular saws and computer hard disk.  For 
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more flexible disk like computer floppy disk, von Karman plate theory would be more 
suitable.  The analytical solutions are often used to solve for vibration and stability of the 
rotating disk in the transverse direction.  Some studies, for example, by Mote (1965) and 
Shen and Song (1996) would also attempt to include other effects, such as temperature, 
initial stresses, friction force and aerodynamic, for the rotating disk studied.  The general 
interests lie mainly in finding ways to increase the critical speeds and expand the stability 
region.  For instance, a higher rotating speed in circular saw blades would imply a higher 
production in wood-cutting industry and in disk storage a shorter data access time.   
 
In the classical plate theory as adopted by most analytical solutions, in-plane membrane 
forces of rotation are assumed to be unaffected by transverse motion of the plate.  The in-
plane and transverse solutions are uncoupled and equilibrium equations can be solved 
independently.  As a result, the study of disk in the transverse direction involves the 


























































In-plane stress results (3rd and 4th term on the left hand side of the above equation) are 
incorporated in the study merely as initial stresses.  Many analytical studies only concern 
about axisymmetrical cases and uniform rotating speeds.  If in-plane stresses are only due 
to centrifugal forces, the shear stresses would be absent.  Equation (1.1) is further 
simplified.  It should be noted that for cases of stationary disk subjected to moving 
transverse load, all membrane stresses would be absent.  The second term on the left 
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comes from plate bending while the first term expresses the relative motion between load 




Several early studies have been conducted for the case of stationary disk subjected to 
rotating transverse load.  Mote (1970) studied the stability of circular plate subjected to 
moving loads. Weisensel and Schlack (1988) studied the forced response of annular plate 
due to moving concentrated transverse load of harmonically varying amplitude.  Fourier-
Bessel series is utilized.  They also observed the critical velocities.  They later (1993) 
extended to study to include radially moving loads.  They have made the assumption that 
the centrifugal membrane effect is small relative to the bending effects in the range of 
rotating speeds studied.  Fourier-Bessel series is used to express the forced deflection 
response due to arbitrarily moving concentrated load.  Damping and loading parameters 




While the above literatures assume that the stiffening effect due to centrifugal force in 
rotating disk is absent, there are numerous literatures that consider the membrane stresses.  
Benson and Bogy (1978) studied the steady deflection of rotating disk due to stationary 
transverse load.  Various stiffness parameter and load location were studied and shown 
graphically.  The effects like aerodynamic, in-plane stresses, temperature, friction forces, 
material damping and the load parameters on the rotating disk have found to play 
important roles and have been observed. 
 
Aerodynamic 
Adams (1987) obtained the critical speeds at which a spinning disk is unable to support 
arbitrary spatially fixed transverse loads.  He included a foundation parameter, which 
serves to account for the negative pressure due to the flow out of air at the disk-to-
baseplate air gap, in the governing equation.  It has relevance to the floppy disk.  With a 
smaller disk-to-baseplate gap, stiffness increases and thus critical speed increases as well.  
Renshaw (1998) also observed the critical speeds for floppy disks by adding a term 
consists of the hydrodynamic coupling strength and the difference of air pressure below 
and above the disk into the equation. The pressure variations in the air films are modeled 
separately using incompressible Reynolds’ equation. It was found that the critical speed 
is 3 to 10 times higher than that in the absence of hydrodynamic coupling.  Other 
aerodynamic models were suggested by Renshaw et al (1994) and Kim et al (2000).  
They both accounted the effect of aerodynamic effect as viscous damping term.  It also 
involved the determination of certain parameters from the experiments.  
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 In-plane Stresses 
Shen and Song (1996) extended the study to transverse response of spinning disk 
subjected to stationary, in-plane, concentrated edge load. It was found that the 
asymmetric membrane stress (in this case involves also the shear stresses in addition to 
the radial and circumferential stresses) field resulting from the stationary edge loads 
could excite a rotating circular plate transversely.   
 
Temperature 
Mote (1965) examined the effect of rotational, thermal and purposely induced in-plane 
stresses on the disk with the application of circular saw in mind. As the effect considered 
involves only in the in-plane direction, the task involves merely the accurate 
determination of radial and circumferential stresses in Equation (1.1).  
 
Friction Forces 
Ono et al (1991) later studied a spinning disk when constant friction force, spring and 
damper suspension system and damping by air are represented. Their effects on the 
stability of the disk are studied.  
 
Material Damping 
Kim et al (2000) highlighted that the aluminum substrate in the hard disk has significant 
material damping and has to be modeled. A damping term assumed to be proportional to 
the rate of bending strain is added to Equation (1.1).  
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1.2.2 Numerical Method 
In the last decade, several papers employing numerical methods in the study of rotating 
disks can be found. While analytical solution only deals with homogeneous disk with 
uniform thickness and case of uniform speed, the numerical method is more flexible. 
Chen and Ren (1998) used an annular finite element to study for annular plates with 
variable thickness. Chung et al (2000) studied the disk based on the Kirchhoff plate 
theory and von Karman strain theory (nonlinear). Employing numerical time integration 
method, the case of non-uniform speed was studied. Instead of using plate elements, 
Chorng et al (2000) employed solid elements for simple freely rotating disks in order to 
take into account for all the initial stresses induced and all the three velocity components.  
Son et al (2000) applies FEM for rotating anisotropic plates subjected to transverse loads 
and heat sources based on Mindlin plate theory and the von Karman strain expression. 
Liang et al (2002) studied the response for rotating polar orthotropic annular disks 
subjected to stationary load.  They found that system with higher value of modulus ratio 
or lower Poisson ratio has better stability.    
 
1.2.3 Moving Element Method 
As mentioned earlier, the FEM may not be efficient in solving problems involving 
relative motion between the disk and the load.  Olsson (1991) demonstrated the use of 
FEM to a fundamental 1-D moving load problem.  As the load is a function of time (its 
position changes with time), the dynamic solution of a simply supported beam subjected 
to a constant force moving at a constant speed by FEM was achieved by running the 
computation over numerous time steps.  Nevertheless, as the load moves along the object, 
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keeping track of the load location and updating of the load vector become a cumbersome 
necessity.  Furthermore, the infinite domain (rail) has to be truncated in the FE model.  It 
is only a matter of time that the load would be out of the truncated model rendering the 
solution invalid.  Thus the FE model tends to be very large and only the solution in the 
“middle” portion is considered.  To this end, Koh et al (2003) proposed a new method 
called the moving element method (MEM) and showed its advantages over the FEM in 
solving 1-D moving load problems.  The fundamental idea behind the MEM is that 
moving elements are conceptual elements which “flow” in the solid object (rail) rather 
than physical elements attached to the object.  The same idea can be applied to solve the 
rotating disk problems as demonstrated by Deng (2002) and Sze (2003) in their study of 
in-plane response of disk subjected to rotating load.  
 
1.2.4 Disk Model 
In formulating a numerical program for disk problem, an appropriate element has to be 
chosen and correct assumptions have to be made.  
 
Solid elements were chosen by Chorng et al (2000). They would be able to provide the 
completeness of solution in taking into account of all the initial stresses and all the 
velocity components when there are degrees-of-freedom of displacements in all three 
directions. As this may be good for simple study of freely spinning disks in their study, it 
may not be a wise choice for the study for disk subjected to transverse load, which 
involves bending. Also, from the results presented by the author, the improvement in 
 9
incorporating all the stresses and velocity components is important only for very thick 
disks. Thus, plate elements are chosen over solid elements in our study.  
 
There are numerous methods in modeling plates as any finite element text book on plates 
like Zienkiewicz and Taylor (1991) show. These are Kirchhoff plate, Discrete Kirchhoff 
plate and Mindlin plate. We would assess the merits of these plates and its suitability in 
our problem.  
 
Kirchhoff plate 
The plate is assumed to be thin and shear in the transverse direction is neglected in 
Kirchhoff plate. Almost all the analytical solutions reviewed have employed this plate as 
the disks used in popular applications are thin disks.  While the implementation in 
analytical method is simple, it is not so numerically.  For this plate, the only primary 
variable is w. In problems of plate bending, a C1 continuity is required, which is very 
difficult to achieve. Thus, there were attempts to ignore the slope continuity and derived 
the non-conforming elements. A 4-node (12 DOFs) rectangular element would seem to 
be suitable for our study. The shape function transverse displacement, w, is written as a 








∂ . The variation of slopes are cubic as well. With cubic polynomial, the additional 
term due to MEM, 2
2
η∂
∂ w , can be used without adding one more node in the 
circumferential direction.  
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Discrete Kirchhoff plate 





are imposed at discrete points along the edges of the elements. The shortcomings of this 
method is that it is complicated to apply and not very reliable.  
 
Mindlin plate 
This plate element is the most popular in FEM study. Although it is adopted mostly for 
thick plates, it can be used for thin plates if the locking phenomenon is mitigated. We 
immediately identify the similarity between this element and that is used for our study in 
the in-plane direction previously by Sze (2003). As the stress results from the in-plane 
would be used as shown in Equation (1.1), the same elements (6 node but with 3 DOF per 
node) used for the transverse study would facilitate the implementation.  
 
However, the problem of shear locking has to be tackled as the disk studied is thin. There 
are basically three ways of reducing shear locking, namely, reduced integration, 
consistent interpolation and assumed strain field. Reduced integration is flexible and 
fairly easy to apply. However, there may be spurious zero modes if insufficient gauss 
points are chosen. In consistent interpolation method, the shape function for slope is 
developed at one degree lower than that for transverse displacement. The shortcoming is 
that expensive matrix condensation has to be performed. Assumed strain field method, 
suggested by Huang (1989) is the best method among the three. Shear strain has a shape 
function one degree lower than displacement and slope. The difficulties, however, would 
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be deriving the correct sample points for shear strain as the 6-node element used is not 
conventional.  
 
After comparing the three elements, Mindlin plate with assumed strain field would be 
adopted for its ease in implementation and reliability.  
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1.3 Objectives and Scope 
This thesis aims to develop an accurate and efficient methodology for the dynamic 
analysis of disk subjected to transverse load with relative motion using MEM.  A 
program written in Fortran 90 is developed to accommodate the new proposed method 
and allow flexibility in studying different parameters.  The two main cases studied are 
Stationary Disk subjected to Rotating Transverse Load (SD-RTL) and Rotating Disk 
subjected to Stationary Transverse Load (RD-STL).  The effect of the relative motion is 
examined.  The previous result of disk in the in-plane direction by Sze (2003) is used to 
study the effect of membrane stresses on transverse behavior.    
 
The advantages of MEM in solving problem, that involves relative motion, over 
traditional FEM are demonstrated.  It also offers more flexibility than analytical method 
as various considerations can be added in the formulation with ease.  With these 
advantages, the proposed MEM has tremendous application potential to the engineering 
design and analysis of rotating disks.   
 
The disks used in this study are of uniform thickness and elastic.  As plate theory is 
assumed, the transverse strain is absent.  This is a valid approximation as the disk used is 
of small thickness.  It is thin such that plane stress conditions can be assumed.  The in-
plane and transverse directions are uncoupled.  The in-plane response only affects the 
transverse in terms of membrane stresses.  This is also a valid assumption for thin plates.  
The deflection of the plate is of magnitude smaller than the disk thickness, thus 
transverse behavior does not induce effect to the in-plane behavior.   
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1.4 Layout of Thesis 
In this chapter, the dynamic disk problem using MEM is introduced.  Past related studies 
are reviewed.  The motivation, scope and objectives of this study are stated.    
 
Chapter 2 presents the theoretical formulation in polar coordinates using degenerated 
plate theory and the geometric stiffness due to membrane stresses.  The proposed MEM 
and the general dynamic equation are derived. 
 
Chapter 3 illustrates the verification and findings of MEM.  The convergence study for 
element and time-step sizes is shown.  Two important problems of Stationary Disk 
subjected to Rotating Transverse Load (SD-RTL) and Rotating Disk subjected to 
Stationary Transverse Load (RD-STL) are studied in details for the effects of stresses due 
to rotation, radius ratios and rotating speeds.  These two results are then compared.  It is 
followed by the study of the problem in time domain which involves varying load 
magnitude or rotating speeds with time.   
 
Chapter 4 presents the results on various parametric studies and demonstrates MEM on 
one of its industrial applications – data storage.  The first parameter studied is the 
membrane stresses due to in-plane loading i.e. normal/tangential patch/uniform loads on 
the outer boundary.  Interesting observations are made for rotating disk subjected to point 
load located at different positions on the disk.  Material damping is added to the 
formulation and its effect to the disk behavior studied.  A simplified aerodynamic model 
for the disk is also studied.  The behavior of a special orthotropic annular plate is 
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displayed.  Lastly, the program can be modified easily to study some realistic disks like 
memory disks in computers. 
 
The last chapter concludes the study and summarizes the main findings.  
Recommendations for future studies are made.   
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2 Methodology and Formulations 
This chapter begins with a general formulation of plate problems in the polar coordinates.  
In this first section, the dynamic response due to relative motion is not considered yet.  
The purpose is to introduce the key factors in the plate problems and the numerical 
formulation of the disk problem.  The shape functions adopted are introduced.  The 
formulations of the various stiffness matrices, namely, bending, transverse shear and 
geometric, are displayed.  With these, steady state problem of dynamic responses for a 
Stationary Disk subjected to Rotating Transverse Load (SD-RTL) and a Rotating Disk 
subjected to Stationary Transverse Load (RD-STL) are looked into.  The complete 
formulation is derived.  Finally, the time-domain formulations are derived in order to 
handle problems that involve varying speeds or loads. 
 
2.1 Formulation of Plate in the Polar Coordinates 
Consider an annular disk clamped at inner radius  and is free at outer radius , as 
shown in Fig. 2.1.  It is subjected to arbitrary loads in the in-plane and transverse 
directions.  A coordinate ( ,
ir or
, )r zθ  is chosen to represent the undeformed configuration.  
The plate is assumed to be in the elastic region during the analysis.  The material of the 
disk is homogeneous and isotropic.  Young’s modulus, material density and Poisson ratio 
of the disk are given by E , ρ  and υ  respectively.  The disk thickness h  is considered 
small compared to other dimensions such that plane-stress condition can be assumed.  
 





∂= − ∂  (2.1a) 
z wu v
rθ θ
∂= − ∂  (2.1b) 
zu w=  (2.1c) 
where , ru uθ  and  are the displacements of a point in the disk in r , zu θ  and -
directions respectively, where u ,  and  are the radial, tangential and transverse 
displacements of a point in the middle surface of the disk respectively. All the 
displacements are functions of the coordinates , 
z
v w
r θ  and time .   t
 
In order to consider the effects of membrane stresses on the transverse displacement, it is 
necessary to include the non-linear strains.  These membrane stresses could be due to 
tensile effect as the disk rotates or any in-plane loading or a combination of both.  The 







ε ∂ ∂⎛ ⎞= + ⎜ ⎟∂ ∂⎝ ⎠   (2.2a) 








∂ ∂⎛= + + ⎜∂ ∂⎝ ⎠
⎞⎟  (2.2b) 
1 1 1r z
r
uu uu
r r r r r
θ
θ θε zuθ θ
∂∂ ∂⎛ ⎞⎛= + − + ⎜ ⎟⎜∂ ∂ ∂ ∂⎝ ⎠⎝
∂ ⎞⎟⎠  (2.2c) 
 
In the classical Kirchhoff plate theory, the transverse strain, zε  and transverse shear 
strains rzε  and zθε  are considered to be absent because the plate is thin.  Using Eqs. (2.1), 





r r r r
ε ⎡ ⎤∂ ∂ ∂ ∂⎡ ⎤ ⎛ ⎞ ⎛ ⎞= + − +⎢ ⎜ ⎟ ⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
w ⎥  (2.3a) 
21 1 1 1 1
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v z w z w wu
r r r r r r rθ
ε θ θ θ





u v z w w z w w wv z
r r r r r r r r r rθ
ε θ θ θ θ
∂ ∂ ⎡ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎡ ⎤ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛= + − + − − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎥⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝⎣ ⎦θ
⎤⎞
⎠  (2.3c) 
The strain expressions from Eqs. (2.3) consist of two parts.  The first half of the 
expressions is related to the response in the in-plane direction while the second half the 
response in the transverse.  The expression for the transverse direction is made up of 
linear and second-order nonlinear terms.  
 
The strain energy of the disk may be expressed as 
( 0 0 01 22 r r r r r r r rAU m mθ θ θ θ θ θ θ θσ ε σ ε σ ε κ κ κ= + + + + +∫ )m dA  (2.4) 






ε ∂ ∂⎛ ⎞= + ⎜ ⎟∂ ∂⎝ ⎠  (2.5a) 
2





∂ ∂⎛ ⎞= + + ⎜ ⎟∂ ∂⎝ ⎠  (2.5b) 
0 1 1 1
r
u v w wv
r r r r rθ
ε θ θ
∂ ∂ ∂ ∂⎛ ⎞⎛= + − + ⎜ ⎟⎜∂ ∂ ∂ ∂⎝ ⎠⎝
⎞⎟⎠  (2.5c)  




















⎛ ⎞∂ ∂= − −⎜ ∂ ∂ ∂⎝ ⎠⎟
 (2.6c) 






⎡∂ ∂ ⎤⎛= + +⎜⎢ ∂ ∂⎝ ⎠⎣ ⎦
⎞⎟⎥  (2.7a) 
0 1 1 v uD u
r r rθ
σ θ
∂ ∂⎡= + +⎢ ∂ ∂⎣ ⎦υ






− ∂ ∂⎛= +⎜ ∂ ∂⎝ ⎠v
⎞− ⎟  (2.7c) 
and , mrm θ  and rm θ  are the internal moments per unit length of the middle plane 
(r rm D )θκ υκ= +  (2.8a) 
( rm Dθ θκ υκ= + )
rD
 (2.8b) 
( )1rm θ θυ κ= −  (2.8c) 
in which  and  are the elasticity and flexural rigidities of the disk respectively. 0D D
0
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EhD υ= −  (2.9a) 
3
212(1 )
EhD υ= −  (2.9b) 
To obtain the kinetic energy, consider the velocity of a point defined by a position vector 
( ) rr u v wθ= + + +r e e ze  (2.10) 
The velocity can be determined by the derivative of the displacement vector with respect 
to time 
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( )( ) rd u v v r u wdt θ= = −Ω + +Ω + +⎡ ⎤⎣ ⎦
rv e e& & ze&  (2.11) 
The kinetic energy is approximated to  
1
2 A
T hρ= ⋅∫ v vdA  (2.12) 
By Hamilton’s principle to balance Eqs. (2.4) and (2.12), the equations for the radial and 
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⎛ ⎞ ∂ ∂∂ ∂+ Ω −Ω − − − =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
0θσ  (2.14) 




1 1 1 1
r r r
w w w wh D w r
t r r r r r r rθ θ θ
ρ σ σ σθ θ θ
∂ ∂ ⎡ ∂ ∂ ⎤ ∂ ∂ ∂⎛ ⎞ ⎛+ ∇ − + − + =⎜ ⎟ ⎜⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝⎣ ⎦
w pσ ⎞⎟⎠  (2.15) 
where p  is the transverse loading and  





r r r r θ
∂ ∂ ∂∇ = + +∂ ∂ ∂  (2.16) 
  
From Eq. (2.15), it is observed that the in-plane response only affects the transverse 
response in terms of the membrane stresses rσ , θσ  and rθσ .  The whole problem can be 
decoupled.  The in-plane response of the disk should be solved first and, with the 
membrane stresses obtained, the transverse displacement can be obtained.   
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2.2 Formulation of Moving Element Method 
As the in-plane and transverse responses can be decoupled, we would focus this section 
in solving numerically the transverse response of the disk with the effect of membrane 
stresses accounted for.  The solution of the disk in the in-plane direction can be found in 
Sze (2003) and summarized in the Appendix.   
 
The disks in our applications are usually thin annular plates.  The classical Kirchhoff 
plate theory is often employed for its ease in analytical solution.  On the other hand, as 
Kirchhoff plate theory is difficult to achieve C1 continuity in the finite element method, 
Mindlin plate theory is preferred in the numerical solution.  In theory, Kirchhoff plates 
are thin and the transverse shear is assumed to be zero while Mindlin plates are relatively 
thick with the presence of transverse shear.  When Mindlin plates are used in numerical 
formulation of thin plates, difficulty arises due to shear locking phenomenon.  To 
overcome this, assumed strain field is applied to formulate the shear stiffness of the plate.   
2.2.1 Shape Functions for Degenerated Plate Element 
The annular disk is divided into bands and sectors to form sets of elements in the pattern 
shown in Fig. 2.2.  Note that the element used is a “sectorial” shape rather than 
“quadrilateral” as often used in FEM.  A typical element has 6 nodes.  There are three 
degrees of freedom (DOFs) at each node.  The three DOFs are displacement in the 
transverse direction, w , rotation about the r -axis, rϕ , and rotation about the η -axis, ηϕ  
as shown in Fig. 2.3.  Thus, an element has a total of 18 DOFs.  It should be noted that 
the formulation is derived in the moving (or space fixed) coordinate ( ), ,r zη  instead of 
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the material fixed coordinate ( ), ,r zθ .  These two coordinate systems can be related by 
the rotating speed.  
 
The element chosen is a member of Lagrange family.  The shape functions can be derived 
readily. 
( )( )(1 1 222N r RR )3η η η ηη= − −Δ Δ −  (2.17a) 
( )( )(2 1 124N r RR )2η η η ηη
−= − −Δ Δ −  (2.17b) 
( )( )(3 1 122N r RR )3η η η ηη= − −Δ Δ −  (2.17c) 
( )( )(4 2 222N r RR )3η η η ηη
−= − −Δ Δ −  (2.17d) 
( )( )(5 2 124N r RR )2η η η ηη= − −Δ Δ −  (2.17e) 
( )( )(6 2 122N r RR )3η η η ηη
−= − −Δ Δ −  (2.17f) 
where 1R  and 2R  are the radii of inner arc 4-5-6 and outer arc 3-2-1 respectively. 1η , 2η  
and 3η  are the angle degree of straight lines 1-4, 3-6 and 2-5 respectively as shown in Fig. 




The same shape functions are used for the three DOFs, w , rϕ  and ηϕ .  Three nodes are 
chosen in the η -direction to account for the acceleration term in the moving load 
problem.  
 
The vector of kinematic DOFs in the element can be expressed as  
{ }1 1 1 2 2 2 6 Tr rw wη ηϕ ϕ ϕ ϕ ϕ=W L η  (2.18) 





⎧ ⎫⎪ ⎪ =⎨ ⎬⎪ ⎪⎩ ⎭
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where  is the transverse displacement while w ηβ  and rβ  are the slopes in the zη −  and 
planes respectively. Since,  r z−
i iw N w=  (2.20a) 
i riNηβ ϕ=  (2.20b) 
(r i iN η )β ϕ= −  (2.20c) 




0 0 0 0 0 0
0 0 0 0 0












For convenience, we can express them individually as  
ww = N W , r rηβ ϕ= N  and ηηϕβ N=r  (2.22) 
where   (2.23) 
1 2 60 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
w






and similarly for  and rN ηN .  
 
The annular disk in the study is clamped at the inner radius while free at the outer.  A soft 
clamped edge boundary condition is applied at the nodes along the inner radius.  At these 
nodes, 0== ηϕw  while rϕ is left free.  For simply-supported condition, only the 
condition  is used.  0=w
 
2.2.2 Principle of Virtual Work  
The principle of Virtual Work requires that for small virtual displacements imposed onto 
the body, the total internal virtual work is equal to the total external virtual work. 
EI WW =  
where  is the internal virtual work for the actual stresses σ going through the virtual 
strains 
IW
δε  (that correspond to the imposed virtual displacement δW ), and is the 
external virtual work that is equal to the actual forces f going through the virtual 
displacements.  Therefore,  
EW
T T T T T T
b b G zV V V V
dV k dV dV dVδ δ δ δ δ+ + = −∫ ∫ ∫ ∫ε σ γ τ ε σ W p W N aρ  (2.24) 
The left hand side contains the internal energies due to bending strain, transverse shear 
strain and membrane stresses.  The external energy on the right consists of two parts: the 
applied nodal force and inertial force within the element.   If we express all terms with 
virtual displacement δW .  We would obtain 
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σ τδ σ δ τ δ τ σ
δ δ ρ




W B W B W B B
W p W N a
 (2.25) 
Then the  term may be dropped from both sides.  The bending, transverse shear and 
geometric stiffness on the left would be derived in the following sections.   
TδW
 
2.2.3 Bending Stiffness 
In this section, the bending stiffness of an annular plate would be derived.  Transverse 
displacement , slopes w rβ  and ηβ  are independent.  Upward displacement is assumed 
positive.   
 
The displacements in the radial and tangential directions due to bending can be expressed 
as 
rr zu β−=           (2.26a) 
ηη βzu −=  (2.26b) 
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⎡ ⎤∂−⎢ ⎥∂⎢ ⎥⎢ ∂= ⎢ ∂⎢ ⎥⎢ ⎥∂ ∂− −⎢ ⎥∂ ∂⎣ ⎦
B ⎥− ⎥  (2.28) 
Stresses are related to strains through the elasticity matrix  such that 0D
( ) ( ) ( )2 2
1 0 1 0
1 0 1 0





υ υυ υυ υ
⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥− −⎢ ⎥ ⎢ ⎥− −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
σ ε B W−  (2.29) 
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⎡ ⎤⎢ ⎥⎢= ⎢− ⎢ ⎥
⎥⎥
−⎢ ⎥⎣ ⎦
D  (2.31a) 
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υ υ υ υ
⎡ ⎤⎢ ⎥− −⎢ ⎥⎢= ⎢ − −⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
D ⎥⎥  (2.31b) 
 
2.2.4 Transverse Shear Stiffness 















βγ ϕγ β ϕη η












⎧ ⎫ ⎧ ⎫=⎨ ⎬ ⎨ ⎬+⎩ ⎭ ⎩ ⎭
 (2.33) 
 
The shear stiffness, sK , of an element is 
T






⎡= ⎢+ ⎣ ⎦D
⎤⎥  (2.35a) 
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In plate elements, it is assumed that the distribution of transverse shear strains through 
the thickness is constant.  Shear correction factor, k  is taken to be 5/6 to compensate for 
the errors introduced since the profile of transverse shear stresses in reality is quadratic in 
the thickness direction. 
 
The ratio of shear to bending rigidities is of magnitude 1/h2.  As the thickness of the 
plate,  decreases, the shear contribution becomes very large and dominating.  This 
contradicts to the reality that for thin plate, the flexural behavior should control over 
shear.  The undesirable shear locking phenomenon, as mentioned earlier, occurs.  As the 
plates studied are thin, measures have to be taken to mitigate the shear locking effect.  
The proposed assumed strain field method proposed by Huang (1989) is used. 
h
 
The shape functions used for displacements and slopes are of functions of the following 
( 21, , , , ,N f r r r )2η η η η=  (2.36) 
To resolve shear locking problem, the shape functions used for shear, 
rzγN  and zηγN , 
should be developed as polynomials of one degree lower  
( )2, 1, ,
rz r
N N fγ η η= =   (2.37) 
( ), 1, , ,
z
N N f r rηγ η η η= =   (2.38) 
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It is noted that the shape function for shear in the r z−  plane is quadratic while that for 
zη −  plane is bilinear.  Thus, we would need at least three points for 
rzγN  and four for 
zηγN .  However, the choice of locations at the points for which the transverse shear 
values are taken is not so straightforward.  In this study, the locations of points chosen are 
shown in Fig. 2.5.  The location of the sampling points are chosen such that the shear 
strains calculated at these points are zero, to be consistent with the assumption for thin 
plates.  
 
The shear components are derived as follows 
(a) Transverse shear in r-z plane 
From the points chosen (A, B and C), the shear in r z−  plane, rzγ , can be expressed as 

















⎡ ⎤⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦











⎧ ⎫⎪= ⎨⎪ ⎪⎩ ⎭
⎪⎬  (2.41) 
and the shape functions are 
( ) 1 2122 2rzANγ
η ηη η ηη
+⎛= − −⎜Δ ⎝ ⎠
⎞⎟  (2.42a) 
( )(124rzBNγ )2η η η ηη= − − −Δ  (2.42b) 
 29
( ) 1 2222 2rzCNγ
η ηη η ηη
+⎛= − −⎜Δ ⎝ ⎠
⎞⎟  (2.42c) 
  
A
rzγ , Brzγ  and Crzγ  are shears evaluated at points A, B and C of Fig. 2.5(a) based on the 
formula 
wi
rz r i i is
Nw w N
r r η η
γ β ∂∂= − = +∂ ∂ ϕ  (2.43) 





















4η ηϕ ϕγ +−= +Δ  (2.44c) 
Express Eqs. (2.43) in the matrix form, 
rzrz s sγγ = B W  (2.45) 
where  
1 1 10 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2
1 1 1 10 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2












Eq. (2.39) can be expressed in terms of the vector, , using Eq. (2.45) W
rz rz rzrz rz s sγ γ γγ γ= =N N B W  (2.47) 
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 (b) Transverse shear in η-z plane 
From the points chosen, the shear in zη −  plane, zηγ , can be expressed as 





























⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
N
0


















⎧ ⎫⎪ ⎪⎪= ⎨⎪ ⎪⎪ ⎪⎩ ⎭
⎪⎬  (2.50) 
and the shape functions are 
( )(13zaN r RRηγ )13η ηη= − −Δ Δ  (2.51a) 
( )(13zbN r RRηγ )32η ηη= − − −Δ Δ  (2.51b) 
( )(23zcN r RRηγ )13η ηη= − − −Δ Δ  (2.51c) 
( )(23zdN r RRηγ )32η ηη= − −Δ Δ  (2.51d) 
 
a
zηγ , bzηγ , czηγ  and dzηγ are shears evaluated at points a, b, c and d of Fig. 2.5(b) based 
on the formula 
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1 1 wi




∂∂= − = −∂ ∂ ϕ  (2.52) 
and in matrix form 
zz s sηη γ






1 1 3 2 2 3 3 10 0 0 0 0 0 0 0 0 0 0
6 3 6
4 1 3 5 2 6 1 30 0 0 0 0 0 0 0 0 0 0
6 3 6
1 1 3 2 2 3 3 10 0 0 0 0 0 0 0 0 0 0
6 3 6
























⎛= − +⎜Δ ⎝ ⎠




⎛= − ⎜Δ ⎝ ⎠




⎛= +⎜Δ ⎝ ⎠




⎛= − −⎜Δ ⎝ ⎠




⎛= − −⎜Δ ⎝ ⎠




⎛= −⎜Δ ⎝ ⎠
⎞⎟  (2.55f) 
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Eq. (2.48) can be expressed in terms of the vector, , using Eq. (2.53) W
z z zz z s sη η ηη γ η γ γγ γ= =N N B W  (2.56) 
 
The shear stiffness, sK , takes into account of both shears 
T TT T T
s s s s s ss ss s
rdrd rdrd rdrdγ γ γ γ γ γ γ γη η= = =∫∫ ∫∫ ∫∫K B D B B N D N B B N D N Bη  (2.57) 
  
2.2.5 Geometric Stiffness 
In the previous sections 2.2.3 and 2.2.4, only the linear relationship is accounted for.  To 
consider the geometric effect due to membrane stresses, it is necessary to have nonlinear 





















⎧ ⎫∂⎛ ⎞⎪ ⎪⎜ ⎟∂⎝ ⎠⎪ ⎪⎧ ⎫ ⎪ ⎪⎛ ⎞∂⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎜ ⎟∂⎝ ⎠⎪ ⎪ ⎪⎩ ⎭ ⎪ ⎪⎛ ⎞∂ ∂⎛ ⎞⎪ ⎪⎜ ⎟⎜ ⎟∂ ∂⎪ ⎪⎝ ⎠⎝ ⎠⎩ ⎭
⎪⎬⎪
  (2.58) 
which can be expressed in the following way 
0 0
, 0 0
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A  (2.60)  
and 
, 0 0






⎡ ⎤⎢= ⎢⎣ ⎦
B ⎥⎥  (2.61) 
Then Eq. (2.59) can be expressed as 
( )G G G= =ε AB W AB W  (2.62)  
and internal work done due to the membrane stresses is  
T










⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
∫∫ ∫∫AB B A η  (2.63) 




























σ σ σ σησ σ σ σσ σ ηη
σ σ σ σϕσ σ σ σϕ
⎡ ⎤⎛ ⎞∂ ∂⎛ ⎞ ∂⎧ ⎫⎧ ⎫ ⎧ ⎫⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎪ ⎪∂ ∂ ⎡ ⎤⎝ ⎠ ∂⎪ ⎪ ⎝ ⎠ ⎪ ⎪ ⎪⎢ ⎥= =⎨ ⎬ ⎨ ⎬ ⎨⎢ ⎥⎢ ⎥
⎪⎬∂⎛ ⎞∂ ∂⎛ ⎞ ⎣ ⎦⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎜ ⎟⎜ ⎟⎩ ⎭ ⎩ ⎭ ⎪∂⎪ ⎪⎩∂ ∂⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦




⎡ ⎤⎢ ⎥⎣ ⎦
B W






σ σ ησ σ
⎡ ⎤= ⎢ ⎥⎣ ⎦∫∫K B B   (2.65) 
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The stresses used in the formulation are average stresses obtained at the centre of an 
element.  It should be noted that the stresses are specific to each element.  If the disk 
rotates, the stresses across the bands are different due to different magnitudes of 
centrifugal force at different radii.  When the disk is subjected to in-plane asymmetrical 
loading, the stresses would be different across the sectors.  However, the stresses within 
an element are assumed to be constant in the numerical formulation.  This approximation 
is valid when the mesh is refined.  As a result of the different stresses at different 
elements, the global geometric stiffness matrix is obtained directly without going through 
the formation of element geometric stiffness. 
 
Here it is assumed that in-plane response affects transverse response via membrane 
stresses.  However, transverse response has no effect at all on in-plane stresses.  The in-
plane stresses induced due to large transverse deflection are not accounted for.  The 
reason is that the contribution of membrane stresses from transverse deflection is 
relatively small compared to the centrifugal stress in the case of rotating disk.  Also, due 
to tensile stiffening, the transverse deflection is smaller than what it would be at a 
stationary case.  
 
Stresses due to free rotating disk at constant speed can be obtained simply by analytical 
means.  However, for cases of disk subjected to in-plane loading, it would be more 
efficient to calculate the stresses numerically.  The formulation in calculating the in-plane 
responses is contained in the Appendix.  The stresses induced from in-plane action for 


























γγρση  (2.66b) 











+−+=γ  (2.66d) 
 
2.2.6 Equation of Motion 
From Eq. (2.24), the general equation of motion is 
( ) Tz t hrdrdρ η= − ∫∫KW p N a  (2.67) 
where the stiffness matrix, K , consists of bending stiffness matrix , transverse shear 
stiffness matrix 
bK
sK  and geometric stiffness matrix .   GK
 
The acceleration vector, a , at a point in the disk can be obtained by assuming the 
position vector, , for the transverse direction as the following r
zw= =r e w  (2.68) 










= = =va e&& &&w  (2.70) 
 36
 By substituting Eq.(2.70) into Eq.(2.67), and including damping, the following equation 
is obtained 
( )z t+ + =MW CW KW p&& &  (2.71) 
The equivalent mass, damping and stiffness matrices for the element are 
T hrdrdρ η= ∫∫M N N  (2.72a) 
T hrdrdζ ρ= ∫∫C N N η  (2.72b) 
r rT T T




σ ση η ησ σ
⎡ ⎤= + + = + + ⎢ ⎥⎣ ⎦∫ ∫∫ ∫∫K K K K B D B B D B B B  
 (2.72c) 
where ζ   is the damping coefficient.  The damping matrix is assumed to be proportional 
to the mass matrix.   
 
However, to account for the relative motion in the circumferential direction between the 
disk and the transverse load, it is necessary to apply a coordinate transformation to relate 
the fixed frame and rotating frame, tη θΔ = +ΩΔ .  Ω  and Ω&  are the relative rotating 
speed and relative rotating acceleration of the disk in the case of RD-STL and that of the 
load in SD-RTL.  By applying the transformation, 




∂ ∂= Ω +∂ ∂




( , , ) ( , , ) ( , , ) ( , , ) ( , , )2d r z r z r z r z r z
dt t t
θ η η η
η η η
∂ ∂ ∂ ∂= Ω +Ω + Ω +∂ ∂ ∂ ∂ ∂
w w w w w&
2
2
η  (2.73b) 





= Ω + = Ω +w w w N W N W&& w  (2.74a) 
2
2 2
2 , , 2 , , , 2 ,w w w
d
dt η ηη η η ηη η
= Ω +Ω + Ω + = Ω +Ω + Ω +w w w w w N W N W N W N W& && && w& &&  (2.74b) 
By doing so, the equivalent mass, damping and stiffness matrices for the element are 
modified considering the relative motion  
T hrdrdρ η= ∫∫M N N  (2.75a) 





r rT T T









σ ση η σ σ
ζ ρ η ρ η ρ
⎡ ⎤= + + ⎢ ⎥⎣ ⎦
+ Ω +Ω +Ω
∫∫ ∫∫ ∫∫
∫∫ ∫∫ ∫∫
K B D B B D B B B
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In the special case where constant rotating speed with constant force is considered, the 
equation of motion can be simplified further by omitting terms involved time, t .  
z=KW p  (2.76) 
where  
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 (2.77) 
Problems that involve relative motion i.e. SD-RTL or RD-STL are dynamic in nature as 
the position of the load is a function of time.  However, in the moving element method, 
the case that involves constant speed with constant force can be reduced to a equivalent 
static problem by coordinate transformation.  By using Eq. (2.77), the problems SD-RTL 
and RD-STL can be solved for various constant speeds and types of loading.  It is noted 
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that the difference between them is the additional geometric stiffness in RD-STL case.  
As the disk rotates, radial and tangential membrane stresses are induced.  In both cases, 
when there is in-plane loading, geometric stiffness would be required to account for the 
membrane stress effect.   
 
The coordinate transformation tη θ= +Ω  is applied to the disk in RD-STL case and to 
the reference load point in SD-RTL.  The choice of transformations tη θ= +Ω  or 
tη θ= −Ω  depends on the direction of motion of the disk in RD-STL or that of reference 
load point in SD-RTL.  It is noted that these transformations only make difference to the 
 and  matrices by changing the sign in the terms 2C K ,T w hrdrdηρ ηΩ∫∫N N  and 
,T w hrdrdηζ ηΩ∫∫N N  respectively.  These terms cause asymmetry in response in areas 
before and after the position of loads depending on the direction of rotation.     
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2.3 Time Domain Solution to General Rotating Dynamics 
A single-step solution described in Eq. (2.77) would satisfy a special case of constant 
rotating speed with constant force.  To solve for problems that involves expressions 
which are functions of time, a more general solution in time domain is required.  To solve 
the general rotating dynamic problem in Eq. (2.71), numerical integration method may be 
used.  The Newmark constant acceleration method ( β =0.25, λ =0.5) is utilized to 
approximate the solution in time domain progressively in this study.  This study assumes 
that the acceleration within a time step is average of the accelerations at the start and end 
of the time step.  It is unconditionally stable.  The velocity and displacement at the next 
step can be expressed as 
1
1 1
2 2i i i i
t+
⎡= + + Δ⎢⎣ ⎦W W W W
& & && &&
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where  is the size of each time step.  Expressing the acceleration and velocity at 
( )th step in terms of displacement at (
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Substituting Eqs. (2.80) into the governing Eq. (2.59) leads to  
11111




21  (2.82) 
Solving Eq. (2.81), the displacement at ( 1i + )th step can be found.  The corresponding 
velocity and acceleration can then be obtained using Eqs. (2.79). By doing so at every 
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Fig. 2.1 (a) Model of annular disk (b) Plan view  




























Fig. 2.3 3 degree-of-freedom at each node 
 






























































3 Results and Discussions 
This chapter begins with convergence study with respect to element size for disks with 
different radius ratios and time-step size for dynamic analysis to ensure that the computed 
results would be of sufficient accuracy.  This is followed by the steady state study of two 
important cases: Stationary Disk subjected to Rotating Transverse Load (SD-RTL) and 
Rotating Disk subjected to Stationary Transverse Load (RD-STL).  Interpretation of 
results is made and the two cases are compared.  Dynamic analysis of the disk is studied 
for problems that involve varying load magnitude and varying velocity with time.  The 
dynamic in-plane behavior of the disk is also investigated and its effect on the transverse 
behavior is discussed.  
  
3.1 Convergence Study 
In space, the thin annular disk is discretised into moving elements.  In time, the 
continuous time is discretised into discrete time steps, assuming constant acceleration 
result within each time step.  The accuracy of this approximation will depend on the 
element size and time step used.  The numerical solution would converge to the exact 
solution as progressively smaller element and time-step sizes are used.  As it would be 
computationally demanding to use extremely small elements and time steps, there is a 
trade off between the desired accuracy and computational time. 
 
In this chapter, the parameters in Table 3.1 are used.  The radius ratios between 0.1 and 
0.7, covering most disks in applications, are studied.  With thickness to outer radius ratio 
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equal to 0.02, the annular plate used is reasonably thin such that plane stress condition is 
applicable.   
 
Table 3.1 Parameters used in the study 
Material Parameters 
Young’s Modulus (E ) 2x1011 N/m2
Density ( ρ ) 7860 kg/m3
Poisson Ratio (υ ) 0.3 
Structure Parameters 
Outer Radius ( ) or 0.2 m 
Inner Radius ( ) ir 0.02-0.14 m 
Thickness ( ) h 0.004 m 
Other Parameters 
Transverse Load ( ) trP 10 N 
 
3.1.1 Element Size Convergence Study 




r , between 0.1 and 0.7 are subjected to a stationary transverse point load applied 
at the outer boundary at η =0°.  The displacements at the point of load application using 
different configurations are used as the criterion for convergence study.   
 
A combination of different numbers of bands (5, 10, 15, 20 and 25) and sectors (12, 24, 
36) are chosen.  The total degrees of freedom (DOFs) of the configurations range from 
432 to3256.  The relative difference with that for the highest DOFs is compared.  Fig. 3.1 
shows the percentage difference with the most converged value for the various radius 
ratios.  The figure shows that in general the results converge as the number of DOFs 
increases.  When the number of DOFs is above 2000, the relative error is less than 1%.  
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The other important factor would be the combination of bands and sectors.  It is logical 
for disks with smaller radius ratios to have more bands than sectors.  As in the FEM, the 
shape of the element should be such that the dimension in the radial and azimuth 




r =0.1, the sets of result using 5 bands yield significantly worse results than 
the other meshes considered.  The 5x36 mesh (i.e. 5 bands and 36 sections) gives much 
less accurate results than the 10x12 mesh, although the former has nearly doubled the 
DOFs of the latter (1296 compared to 792).  For large radius ratio i
o
r
r =0.7, the 5x24 
mesh (with 864 DOFs) yields better results than the 15x12 mesh (1152 DOFs).  It is 
observed that for disk with radius ratios, i
o
r
r  < 0.5, an increase in the number of bands 
would increase the accuracy of results greatly than with increase in number of sectors, 
and the reverse is true for i
o
r
r  > 0.5.  In the subsequent study, element meshes that give 
less than 1% error are used.  
 
3.1.2 Time-step Size Convergence Study 
The Newmark- β  method used for step-by-step integration in time domain is 
unconditionally stable regardless of the time-step size.  To obtain results of sufficient 
accuracy, solutions using various time-step sizes are compared.  If further reduction in 
time-step size does not effect a significant change in results obtained, the solution would 
be deemed to have converged.   
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The time-step convergence study is performed on 5 different time-step sizes.  They are 
0.01s, 0.005s, 0.002s, 0.001s and 0.0005s.  The total time duration considered is 0.35s.  
The case used in this convergence study is an undamped stationary disk subjected to 
uniform transverse pressure applied throughout the time duration.  As disks with different 
radius ratios would behave differently, three radius ratios, i
o
r
r =0.3, 0.5, 0.7, are studied.  
At-rest initial conditions, i.e. 0= =W W& , are used.  The variations of displacement at 
the outer boundary during the time frame are compared and shown in Fig. 3.2.   
 
As shown in Fig. 3.2, disks with larger radius ratios display shorter periods.  It implies 
that disks with large radius ratios may require smaller time-step sizes.  The figure shows 
that as time-step size decreases, the displacement variation converges.  It is noted that the 
solution obtained for time-step size 0.001s is virtually the same as that for 0.0005s for all 
3 radius ratios.  The latter can be considered as the converged solution.  As smaller time-
step size would require more computational time, it would be more efficient to use time-
step size 0.001s. 
 
For disk subjected to point transverse load, Fig. 3.3 shows the displacement history.  It is 
observed that the displacement seems to be more irregular than the case of uniform 
pressure.  This is due to the propagation and reflection of displacement to the other parts 
of the disk from the point of loading.  After about 2.8s, the amplitude of vibration 
decreases.  Fig. 3.4 shows the deflection profile at the outer radius for the disk at different 
points in time.  It can be observed that the vibration does not only take place under the 
point load.  The vibration energy propagates to other parts of the disk in the form of stress 
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wave.  This explains why amplitude of vibration change at the point of load oscillates and 
slowly decreases.   
 
3.2 Case 1: Stationary Disk Subjected to Rotating Transverse 
Load (SD-RTL) 
In this section, the steady state results of undamped behavior of the disk subjected to 
rotating transverse point load at the outer boundary at 0η = °  is studied for various radius 
ratios.  Fig. 3.5 displays the magnifications of the transverse displacement of the disk 
under the load at a range of speeds.  It shows that as the rotating speed of the load 
increases, the displacement under the load increases.  When the speed reaches certain 
critical values, the disk is in resonance and its response becomes unbounded in theory.  
These critical speeds are indicated as vertical lines on the figure.  Immediately beyond 
each critical speed, the displacement of the disk flips to the opposite side instantaneously.  
The disk displays different mode shapes at these speeds.  In Fig. 3.5, some critical speeds 
seem to be more distinct than the others because of the numerical errors in using constant 
meshes for all speeds.  When the disk displays higher modes which usually occur at 
higher speeds, a more refined mesh is required to model it.  Thus, the results of critical 
speeds of higher modes for the disks using the numerical method are only approximations.  
Nevertheless, the displacement-speed profile manifests the correct trend of disk behavior.  
 
The critical speeds at which unbounded response occur for a specific disk depend on 
several parameters.  They are the disk elasticity, mass density, radius ratio and its 
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thickness.  To make the results more general for comparison, the dimensionless rotating 




ρΩ = Ω .  
 
It can be observed from Fig. 3.5 that the magnification of displacement of the disk before 
the lowest critical speed is small (close to 1).  Fig. 3.6 shows the displacement profile 
along the outer radius for the disk with radius ratio 0.5 subjected to rotating transverse 
point load at speeds smaller than the lowest critical speed.  It is observed that the 
displacement profile is symmetrical about the point load.  As the rotating speed increases, 
the displacement increases in the vicinity (-30°<η <30°) of the point load.  Beyond this 
region, the disk tends to heave up.  At speeds close to the critical speed, the disk tends to 
display the mode shape.   
 
When the rotating speed of load approaches the first critical speed, the displacement 
increases exponentially as shown in Fig. 3.5.  The first critical speeds for different 
annular disk are different.  Disks with smaller radius ratios would reach the first critical 
speed earlier than that with larger radius ratios.  This is consistent with the fact that disks 
with smaller radius ratios are more slender and would reach instability easily while disk 
with larger radius ratios are stiffer.   
 
It is interesting to note that the mode at which the first critical speed occurs may not be 
the same for different radius ratios.  Fig. 3.7 summarizes the critical speeds for disks with 
different radius ratios at different modes.  The mode shape of an annular disk can be 
described by number of modal circles and modal diameters.  Modal circles are modes 
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along the radial direction while model diameters are modes in the circumferential 
direction.  It should be noted that the modes observed in this range of speed is of zero 
nodal circles.  Also, the mode 0 is not observed and would be explained in section 4.1.  
From Fig. 3.7, it is observed that the lower modes are more susceptible to changes in 
radius ratios.  The critical speeds for mode 1 increases greatly as the radius ratios 
increases.  The effects of radius ratios on the critical speeds decrease for higher modes.  
The critical speeds for higher modes can remain the same for a range of radius ratios.  Fig. 
3.8 displays the deflection profile of the disk with radius ratio 0.5 at three critical speeds.  
 
It should be noted that disk vibration arises and hence critical speeds exist because of the 
relative motion between the disk and the load.  Mathematically this is attributed to the 
term derived in the moving element formulation, 2 ,T w hrdrdηηρ ηΩ ∫∫N N  in the stiffness 
matrix for steady state case.  Critical speeds would not be observed for rotating disk 
subjected to transverse load rotating at the same speeds as no relative motion between the 
disk and the load exists in this case.  These critical speeds are observed for disks 
subjected to any types of rotating loads except uniform pressure.  In the case of uniform 
pressure, the disk response would remain unaffected by the rotating speed.  This can be 
explained by the fact that the loading pattern is the same at all times with respect to the 
rotating disk.  There is no difference if the uniform pressure is rotating relative to the disk 
or not.  Thus, critical speeds are not observed in this case.  
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3.3 Case 2: Rotating Disk Subjected to Stationary Transverse 
Load (RD-STL) 
The case of RD-STL is considerably different from the case of SD-RTL arising from the 
addition of geometric stiffness associated with membrane stresses.  Fig. 3.9 displays the 
displacements of the rotating disks with various radius ratios under transverse point load.  
It is once again observed that as the rotating speed increases, the displacement under the 
point load increases.  This observation may not be obvious at first as added disk stiffness 
is expected to reduce deflection.  In the case when a rotating disk is subjected to 
transverse load rotating at the same speed (RD-RTL) as the disk, the tensile stress would 
stiffen the disk and reduce the displacement under load as speed increases.  However, in 
this case of RD-STL, the relative motion effect cancels out the tensile effect and this 
results in little change in deflection initially.  As the rotating speed of the disk increases 
further, the relative motion effect dominates and causes the displacement to increase.  Fig. 
3.10 compares results of RD-STL with SD-RTL for a disk with radius ratio 0.5.  It 
demonstrates that the relative motion would increase the displacement under load and 
induce critical conditions for SD-RTL, while the displacement decreases monotonically 
due to increasing stiffening effect for RD-RTL.  Also, for disk rotating under uniform 
pressure, no critical speeds would be observed for the same reason explained in the 
previous section.   
 
Fig. 3.11 compares the displacement profiles of 4 cases, namely, stationary disk subjected 
to stationary transverse point load (SD-STL), SD-RTL, RD-STL and RD-RTL.  This 
figure summarizes clearly the effect of tensile membrane stresses due to rotation and that 
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of relative motion.  Rotation of disk effectively reduces the maximum displacement 
under load compared to corresponding cases in stationary disk.  When there is relative 
motion between the disk and the load, maximum displacement under the load is higher.  
It also causes the neighboring region to heave up.   
 
The tensile effect due to disk rotation contributes to increasing the critical speeds of all 
modes.  It can be shown by comparing Fig. 3.9 and Fig. 3.5 that the lowest critical speed 
is increased by about 1.5 times due to disk rotation.  Fig. 3.12 summarizes the critical 
speeds of various modes for disk with different radius ratios.  It is interesting to note that 
there are no critical speeds for mode 1 unlike the case of SD-RTL.  The disk is stiffened 
due to the tensile stresses induced by the rotating disk as explained by Renshaw and Mote 
(1992).  The modes for the lowest critical speeds for different disks may also be different 
from that in the case of SD-RTL.  The case of RD-STL displays a different trend from the 
previous case of SD-TRL for critical speeds of higher modes.  For mode 4 and above, as 
the radius ratio increases, the critical speeds decreases slightly instead of remaining 
constant as in SD-RTL.  This initial decrease in critical speed is due to the decrease in 
membrane stiffness with increase in radius ratio.  As the disk rotates, disk with lower 
radius ratio is subjected to larger tensile stresses and thus stiffer than disk with higher 
radius ratio.  This causes the initial decline in critical speed in the RD-STL case whereas 
the critical speeds values are constant in the SD-RTL case.    
 
The accuracy of the disk model can be verified with the results of Adams (1987), who 
solved the problem using exponential Fourier series.  Some of the results obtained are 
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superimposed on the plot obtained by Adams (1987) in Fig. 3.13.  It can be observed 
from Fig. 3.13 that the critical speeds for lower modes agree very well.  However, as the 
speed increases, the discrepancies become larger.  The reason is that the distinction of the 
critical speeds and the occurrence of the modes depend on the mesh chosen in MEM.  Fig. 
3.13 shows that by using a 15x24 mesh, the accuracy in prediction of critical speeds is 
about up to mode 5.  For more accurate results, an eigenvalue analysis is required.  
Although the speeds predicted may not be precise, the MEM demonstrates similar trends 
as the analytical solutions.  
 
When the inner radius of the disk is simply-supported instead of clamped, only the 
displacement in the transverse direction is restricted while displacements in radial and 
circumferential directions are free.  The simply-supported case would produce a different 
membrane stress profile from the clamped case.  Fig. 3.14 compares the critical speeds 
for disk with radius ratio 0.5 rotating under the two different boundary conditions of 
clamped and simply-supported inner radius.  It is shown that the relative displacement for 
the simply-supported case first decreases up to a maximum of 25%.  Due to the stiffening 
tensile effect, the relative displacement then increases as the relative motion effect 
becomes dominant.  Simply-supported disk also has slightly higher critical speeds than 
clamped disk.  However, the larger displacement in simply-supported disk compared to 
clamped disk subjected to the same load makes the disk unattractive in application.    
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3.4 Case 3: Dynamic Response of Disk 
In this section, the dynamic analysis of annular disk in time domain is carried out, 
including transient response.  This section begins with the determination of dynamic in-
plane behavior of disk, which may eventually has effect on the transverse response.  Next, 
the problem of disk subjected to varying rotating speeds is examined.  Finally, the disk is 
subjected to varying load magnitude.  An example of disk with radius ratio 0.5 is used for 
illustration in these cases.   
 
3.4.1 In-plane Response 
When a disk rotates at constant speed without any load, only radial displacement, radial 
and circumferential stresses are present at stead state.  However, when the disk rotates at 
varying speeds, circumferential displacement and shear stresses would be induced.  
Consider a disk that rotates freely without any in-plane loading according to the velocity 
profile shown in Fig. 3.15.  Fig. 3.16 shows the dynamic displacement of the disk at the 
outer boundary in both radial and circumferential directions.  A time-step size of 10-5s, 
which has been tested to give good convergence, is used.  The radial displacement 
increases in a quadratic manner at positive acceleration, fluctuates about a constant value 
at constant speed and decreases in a similar parabola manner at negative acceleration.  
The quadratic shape is a result of the centrifugal force which is related to rotating speed 
squared.  The circumferential displacement is negative at positive acceleration, zero at no 
acceleration and positive at negative acceleration.  It also has a larger magnitude of 
vibration at negative acceleration than that at positive acceleration.  The occurrence of 
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circumferential displacement is a result of the inertia force, Ω&r , when the disk accelerates 
and the magnitude of this displacement depends largely on the amount of acceleration.  
The radial and circumferential displacement components also affect each other through 
the Coriolis term:  and , though its effect is of much smaller magnitude 













3.4.2 Varying Speed 
The dynamic response of disk in the transverse direction is of practical importance, 
perhaps more so than the in-plane direction.  There are effects due to acceleration when a 
disk starts or stops.  For computer hard disks and optical discs, the drive reads 
information from the pits (grooves), the relative speed of the pick-up to the disk should 
be constant. Thus, an angular speed of the disk changes when the pick-up moves from 
one track to another.  Here, the case of RD-STL is studied for disk rotating at varying 
speed.  As the natural frequencies for the radial and tangential motion are higher than 
those of transverse motion, the radial and tangential displacements have relatively higher 
frequency components compared to the transverse.  Thus, the steady state in-plane result 
is used to compute the membrane stresses in the RD-STL case.  Doing so, the relatively 
small time-step size requirement for the in-plane results can be avoided.  Using the same 
rotating speed profile for the disk in Fig. 3.15, the transverse displacement result for 
rotating disks subjected to uniform transverse pressure using time-step size of 0.001s is 
shown in Fig. 3.17.  It is shown that as the rotating speed increases, the frequency of the 
vibration increases and amplitude of vibration decreases.  These are due to the rotation 
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stiffening effect as the disk rotates.  However, when the disk is subjected to point 
transverse load and rotating speed increases such that it reaches its critical speed, 
instability can be observed.  The velocity profile used is shown in Fig. 3.18.  The highest 
speed that the disk rotates is 2000 rad/s which is greater than the lowest critical speed of 
1230 rad/s.  Fig. 3.19 shows the corresponding displacement result for the rotating disk.  
It can be observed that the displacement of the disk becomes instable before 0.1s when 
the speed reaches its critical speed.  This instability is not recovered when the disk 
decelerates at 0.3s.  
 
3.4.3 Varying Load  
The disk subjected to transverse harmonic point load is studied in this section.  Fig. 3.20 
shows the displacement under harmonic point load of frequency 60 rad/s.  As the 
frequency approaches the disk’s natural frequency, instability behavior is observed as 
shown in Fig. 3.21.  The disk is shown to have its displacement vibrating at increasing 






























































Fig. 3.1 Percentage difference with converged value for a stationary annular disk 
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Fig. 3.2 Time history of displacement for disks of 3 different radius ratios 
subjected to uniform transverse pressure 
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Fig. 3.3 Time history of displacement under point load on a disk of radius ratio 0.5 
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Fig. 3.5 Displacement for a stationary disk subjected to  



























































































































Fig. 3.6 Displacement along outer radius for stationary disk with radius ratio 0.5 




























Fig. 3.7 Dimensionless critical speeds at various modes for stationary disks with 
different radius ratios subjected to rotating transverse point load  
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(a) mode 2 at Ω =7.39 
(b) mode 3 at Ω =6.34 
(c) mode 4 at Ω =6.66 
 
 











































































































































































Fig. 3.9 Displacement for a rotating disk subjected to  
















































































Fig. 3.10 Comparison of displacement under load for the case of  




















Fig. 3.11 Comparison of displacement profiles in 4 cases: SD-STL, RD-RTL, SD-














































































Fig. 3.12 Dimensionless critical speeds for rotating disks with different radius 










































































Fig. 3.14 Comparison of displacement under load for RD-STL with different inner 
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Fig. 3.16 (a) Radial and (b) circumferential displacement profile  






































Fig. 3.17 Transverse displacement profile for rotating disk subjected to rotating 
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Fig. 3.19 Transverse displacement profile for rotating disk subjected to  
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Fig. 3.20 Transverse displacement for disk subjected to  
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Fig. 3.21 Transverse displacement for disk subjected to  
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4 Parametric Studies and Industrial Applications 
In sections 3.2 and 3.3, the effects of rotating speeds, radius ratios and membrane stresses 
due to disk rotation have been well studied.  In this chapter, the effects of various key 
parameters are further studied.  These parameters would allow us to understand the actual 
behavior of disk as real disks are not ideal and they behave in a more complicated manner.  
The results for disk subjected to membrane stresses due to different in-plane loadings will 
be presented.  This is followed by interesting observations for point transverse load which 
acts on the disk at different positions along the radial direction.  Material damping would 
be introduced to the disk and its effects on the displacement and critical speeds are noted.  
The aerodynamic effects will be briefly investigated.  For a special orthotropic annular 
disk, the effect of modulus ratio to deflection will be looked into.   
4.1 Effect of Membrane Stresses 
Membrane stresses would affect both in-plane and transverse behavior of the disks.  
Sometimes these membrane stresses are introduced purposely into the disk to achieve 
certain desired performance.  These stresses can be non-axisymmetrical and induces 
irregular deflection profiles for disk subjected to transverse uniform pressure.  Thus, the 
problem of a stationary disk, which is subjected to in-plane normal or tangential patch 
load, loaded with uniform transverse pressure rotating relative to the disk is studied.  The 
problem in described in Fig. 4.1.  The disk used in this section is of radius ratio 0.5 and 
or
h =50.   The in-plane loads are stationary to the disk and applied over the thickness at 
the outer radius of an arc 30 30η− ° ≤ ≤ °  while the transverse pressure is uniform over 
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the disk and rotates at a speed, Ω .  Stationary instead of rotating disk is looked into as 
the high membrane stresses due to centrifugal forces tend to mask the effect of stresses 
due to in-plane loading.  Patch in-plane loads are used in this section instead of point in-
plane load as the former is a better representation of the actual disk scenarios.  Also, as 
average stress at centre of each element is taken in the numerical formulation, these 
stresses can be better represented when the load is patched.  
 
In studying the case of SD-RTL or RD-STL, for a disk subjected to uniform pressure, it is 
noted that no critical conditions exist (see Section 3.2 and 3.3).  However, when a disk is 
subjected to patch loading, the membrane stresses are no longer axisymmetrical.  This 
induces a non-axisymmetrical deflection profile for disk subjected to uniform transverse 
pressure.  In this case, there exists a periodic change in the disk stiffness due to the patch 
loading as the uniform pressure rotates, and thus critical conditions are possible. 
(a) Disk subjected to in-plane patch compression load and rotating uniform transverse 
pressure 
Membrane stresses due to the in-plane patch loads on the disk are shown in Fig. 
4.2.  Radial and circumferential stresses are symmetrical about 0η = °  while shear 
stress is not.  When the disk is subjected to patch compression, its transverse 
deflection is no longer axisymmetrical as shown in Fig. 4.3 for non-rotating 
transverse pressure of 3 different magnitudes.  It shows that the deflection 
increases at the region 60 60η− ° ≤ ≤ °  and decreases slightly in the other regions 
for high in-plane compression force.  Larger in-plane compression force also 
produces larger maximum deflection as the compression reduces the disk stiffness.  
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Of the three stresses, radial stress is found to exert the largest influence on the 
transverse behavior.  This can be proven by ignoring the individual stress 
component one at a time, as shown in Fig. 4.4.  Although the magnitude of 
circumferential stress is relatively large, its effect on the transverse is negligible.  
Shear stress effect is small because of its relatively small magnitude.   
 
As the transverse pressure rotates relative to the disk, critical conditions are 
induced.  Fig. 4.5 shows the displacement at the outer radius and 0η = °  for disk 
subjected to three different magnitudes of patch compression forces.  It is 
observed that as the magnitude of in-plane compression load increases, the speed 
at which instability occurs decreases.  Also, instability region becomes wider with 
increasing in-plane compression load.   
 
(b) Disk subjected to in-plane patch tensile load and rotating uniform transverse 
pressure 
Membrane stresses due to in-plane forces on the disk are shown in Fig. 4.6.  
Similar to the case of patch compression force, radial and circumferential stresses 
are symmetrical while shear stress is not.  The region where the disk is subjected 
to tensile forces helps to reduce the deflection of the disk.  The disk displays the 
deflection profile for four different magnitudes of in-plane forces as shown in Fig. 
4.7.  Larger tensile forces would reduce the deflection of the disk at the region to 
a larger extent.  Critical conditions are induced as the rotating speed of the 
transverse uniform pressure increases.  Fig. 4.8 shows the displacement at the 
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outer radius and 0η = °  for disk subjected to four different magnitudes of patch 
tensile forces.  It is interesting to note that the displacement decreases instead of 
increasing, as the rotating speed of the transverse pressure increases.  At critical 
condition, the disk deflects in the opposite direction of loading.  The lowest 
critical speed increases only slightly with the increase in tensile load.  For the 
same magnitude of load, the patch tensile force does not effectively increase the 
critical speed as much as compression force in decreasing the critical speed.  
 
(c) Disk subjected to in-plane tangential force and rotating uniform transverse 
pressure 
Membrane stresses due to in-plane forces on the disk are shown in Fig. 4.9.  
Radial and circumferential stresses are asymmetrical but shear stress is 
symmetrical about 0η = ° .  Fig. 4.10 shows the displacement at the outer radius 
and 0η = °  for disk subjected to four different magnitudes of patch tangential 
forces.  As the magnitude of tangential patch load increases, there is only a slight 
decrease in the lowest critical speed.   This is due to the increase in radial stresses 
induced by the tangential load through Poisson effect.   
 
Based on the above results (parts a to c), it is observed that an asymmetrical membrane 
stress distribution can induce instability in stationary disks loaded with rotating 
transverse pressure.  Next, the effect of axisymemtrical membrane stress, which is not 
only due to disk rotation is investigated.  The same disk of radius ratio 0.5 is considered.  
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It is subjected to uniform normal or tangential loading at the outer radius and point 
transverse load at 0η = ° .   
 
(d) Disk subjected to uniform in-plane normal force and rotating point transverse load 
Fig. 4.11 summarizes the effect of uniform normal loading.  It shows that when 
the loading is positive (tensile), critical speeds increase with the loading.  When 
the loading is compression, the slope is steeper implying a greater rate of decrease 
in critical speeds.  In fact, at certain compression strength, the disk would buckle.  
For disk subjected to in-plane uniform tensile load, mode 1 is still present unlike 
in the RD-STL case. In practice, these in-plane tensile stresses can be 
intentionally applied to the disk by rolling when manufacturing, such as that in 
circular saws. 
 
(e) Disk subjected to uniform in-plane tangential force and rotating point transverse 
load 
For stationary disk subjected to tangential load, it is observed that the critical 
speeds decreases slowly as the tangential load increases as shown in Fig. 4.12.  In 
fact, Fig. 4.12 can be seen as a magnification of the graph in the compression 
region in Fig. 4.11.  The decrease in critical speeds is due to the radial stresses 
induced as a result of Poisson effect from the tangential load.   
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(f) Rotating disk subjected to uniform in-plane normal force and stationary point 
transverse load 
Similar to Case (d) discussed above, the critical speeds of RD-STL can be further 
increased by introducing in-plane tensile loading to the disk as shown in Fig. 4.13.  
It is interesting to observe that Fig. 4.13 looks very much like Fig. 4.11 with the 
mode number increased by 1.   
 
In the above study with in-plane loading, there is not much difference in whether the in-
plane is rotating or stationary to the disk.  This is because its relative motion effect is very 
little in the range of speeds interested for the transverse behavior.  For tangential in-plane 
loading, there has been concern if the fundamental mode (0,0) which is a torsional mode 
can be the lowest critical speed (Liu 2000).  Fig. 4.14 shows to the critical speeds of the 
fundamental mode for a rotating disk subjected to stationary tangential load as obtained 
by Sze(2003).  The tangential displacement increases exponentially near the critical speed 
and disk with small radius ratios has lower critical speed for mode (0,0) than those with 
large radius ratios.  The in-plane rotating speed is non-dimensionalized in the following 
way, or E
ρ∗Ω = Ω , which is independent of the thickness of the disk.  For the transverse 
direction, dimensionless critical speeds are inversely related to the thickness and lowest 
for disks with small radius ratios.    From these facts, it can be deduced that the two 
critical speeds for the transverse and in-plane directions can be brought very close to one 
another in situations when the disk has very small radius ratio and is thick.   
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4.2 Effect of Damping 
Using Rayleigh damping method, the damping matrix is designed to be proportional to 
mass matrix.  By eigenvalue analysis using the equivalent stiffness and mass matrices, 
the frequency, ω , of the disk used is found to be 12,469 rad/s.  The damping coefficient, 
ζ , in Eq. (2.71) is equal to 2ωζ  in which ζ  is the dimensionless damping coefficient.  
As a result of the MEM formulation, this damping would play a part in the steady state 
solution as shown in Eq. (2.74).  Table 4.1 shows the displacement along the outer radius 
of disk with three dimensionless damping coefficients, ζ ,  0, 0.02 and 0.05 rotating at 
three different speeds.  It shows that in the presence of material damping, the 
displacement is no longer symmetrical.  The upstream portion of disk has larger 
displacement than those at the downstream.  This can be explained by the fact that the 
upstream portion, which has just been loaded, takes time to recover.  The distinction 
between upstream (portion of the disk is about to experience the load) and downstream 
(portion of the disk that has just experienced the load) is defined by the coordinate 
transformation using tη θ= +Ω  or tη θ= −Ω .  The choice of either transformation 
would not affect the displacement directly under the point load but would affect the 
displacements upstream and downstream.  Neither would result in negative damping 
when the latter transformation is used as the matrix added to the stiffness matrix in Eq. 
(2.76) is skew-symmetric.  This asymmetry observation further proves the ability of 
MEM in solving steady state moving load problem. 
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 Table 4.1 Displacement along outer radius using different damping coefficient 
    Downstream η  Upstream 
 Ω   ζ  -30 -22.5 -15 -7.5 0 7.5 15 22.5 30 
  0 -0.73 -1.05 -1.40 -1.75 -1.93 -1.75 -1.40 -1.05 -0.73 
0 0.02 -0.68 -1.01 -1.36 -1.73 -1.93 -1.76 -1.43 -1.09 -0.77 
  0.05 -0.62 -0.94 -1.31 -1.69 -1.92 -1.77 -1.46 -1.14 -0.83 
  0 -0.31 -1.01 -1.73 -2.37 -2.66 -2.37 -1.73 -1.01 -0.31 
6.55 0.02 -0.15 -0.84 -1.59 -2.28 -2.64 -2.42 -1.85 -1.16 -0.48 
  0.05 0.06 -0.60 -1.36 -2.10 -2.55 -2.44 -1.97 -1.35 -0.70 
  0 1.39 -1.69 -4.72 -7.02 -7.92 -7.02 -4.72 -1.69 1.39 
7.86 0.02 3.33 1.26 -1.41 -4.09 -6.06 -6.66 -5.95 -4.21 -1.86 
  0.05 2.71 1.75 0.13 -1.80 -3.50 -4.38 -4.45 -3.82 -2.66 
 
Table 4.1 shows that as the damping parameter increases, the maximum deflection 
decreases.  The drop in deflection becomes significant near critical speed.  It also shows 
that at very high rotating speeds ( Ω =7.86) near the critical speeds, the maximum 
displacement no longer occurs directly under the transverse load but at an angle away 
from the loaded point.  This implies that a point continues to increase its deflection even 
after the load has just rotated past it.  Fig. 4.15 shows the magnification of displacement 
for disks with different damping parameters at different rotating speeds.  It shows that at 
critical speeds, while the displacement of undamped case becomes unbounded 
mathematically, the damped displacement is limited to a maximum value.  Finally, it can 
be concluded the maximum deflection and the shape of deflection of the disk depends on 
the existence and magnitude of damping coefficient.   
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4.3 Aerodynamic Effect 
As the disk rotates, aerodynamic effect would be induced.  One of these effects is the 
friction force on the disk surfaces, which can be represented as in-plane forces and affect 
the transverse behavior in terms of membrane stresses as studied in section 4.1.  
Aerodynamic effect also produces a difference in pressure especially for disk which is 
enclosed.  Air inside is drawn out of the enclosure as the disk rotates and creates a region 
of lower pressure.  The pressure would depend on the clearance to the surrounding walls, 
the rotating speed and the air viscosity.  The difference in pressure above and below the 
disk results in force in the transverse direction.  This force can be represented by a spring 
or dashpot base.  However, the parameters chosen would rely heavily on the experiments.  
In this section, a simplified aerodynamic effect represented by a spring base is applied on 
the disk of radius ratio 0.5. 
 
A range of stiffness values for the spring base is studied.  The spring base, which 
simulates the air in an enclosure, provides an added stiffness to the disk.  Thus, the lowest 
critical speed is increased.  As stiffness increases, the critical speed for the higher mode 
increases faster than that of lower modes as observed in Fig. 4.16.  In reality, it is 
expected that a disk spinning in enclosure filled with air would have higher critical speed 
than that spinning in vacuum.  On the other hand, the magnitude of effect is arguable.  
Experimental study has shown that the effect is not as significant as what has been 
predicted earlier.  Not only does the air provide added stiffness, it also adds mass to the 
disk.  This added mass may counter the increase in critical speed from the added stiffness.   
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As a result, it may be hard to conclude the aerodynamic effect on enclosed disk.  It 
depends heavily on the design such as the clearance from the walls, the openings, etc.  
The behavior of disk would vary accordingly.  This complicated aerodynamic effect is a 
big topic on its own and it requires experimental measurements of parameters.  The 
modeling of the aerodynamic effect is hence not pursued further in this thesis. 
4.4 Effect of Modulus and Poisson Ratios  
 
Composite materials are often used in disk-like flywheels.  In computer memory disks, 
the tracks which are grooves or pits are intentionally aligned circumferentially with 
crystal structures aligned along the polar axis.  This calls for orthotropic material 
modeling.  Specifically, the Young moduli in the radial and circumferential directions 
( and ) are not the same.  The disks studied here are special polar orthotropic disks.  





θ =0.25, 1.0, 2.0 and 4.0, with  kept constant, are 
studied for a disk with radius ratio 0.5.  The Poisson ratio, 
rE
rυ =0.3, is chosen and assumed 
to be direction independent.   
  
The case of SD-RTL is first studied.  Fig. 4.17 shows the relationship between the critical 
speeds and modulus ratio.  The lowest critical speed increases slightly as the modulus 
ratio increases.  For modulus ratio more than 1, mode 3 is always the lowest mode.  High 
modulus ratio is able to reduce the displacement under the same load and subsequently 
delay the occurrence of instability. 
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Fig. 4.18 displays the relationship between critical speeds and modulus ratio for the case 
of RD-STL.   For modes higher than 4, the critical speeds increase as modulus ratio 
increases.  For mode 2 and 3, however, the critical speeds first decrease from modulus 
ratio 0.25 to 2 then increase slightly or remain constant.  Mode 3 becomes the lowest 
mode for modulus ratio larger than 1.2.  The lowest critical speed is observed to decrease 
from modulus ratio 1.2 to 2 due to the drop in critical speed of mode 3.  There is not 
much improvement in raising critical speeds by using a disk with larger modulus ratio 
than isotropic disks as it can be observed from the Fig. 4.19 that the lowest critical speeds 
from modulus ratio 1.0 and 4.0 are almost the same.   
 
Nevertheless, there is advantage in using disks with high modulus ratios.  Given the same 
loading, special orthotropic disks with large modulus ratios would produce displacement 
of much smaller magnitude.  Table 4.2 compares the displacement under the point load 
for the disk with different radius ratios rotating at different speeds.  Table 4.2(a) is given 
as a magnification of the displacement under point load from that for modulus ratio 4.0.  
It shows that at all rotating speeds, disk (by keeping Er constant) with high modulus ratio 
gives that smallest displacement.  The displacement for low modulus ratio can be several 
times than that of high modulus ratio at high rotating speeds.  Table 4.2(b) displays the 
magnification of displacement for all the disks from its displacement at stationary state.  
It further illustrates that as the rotating speed increases, the increase in displacement is 
much slower for high modulus ratio than for small modulus ratio.   
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Table 4.2(a) Magnification of displacement from modulus ratio 4.0 





θ     
 Ω  0.25 1 2 4 
0.00 2.45 1.83 1.49 1.00 
3.28 2.26 1.82 1.48 1.00 
3.93 2.22 1.80 1.47 1.00 
4.59 2.19 1.78 1.47 1.00 
5.24 2.22 1.77 1.48 1.00 
5.90 2.39 1.80 1.50 1.00 
6.55 3.25 1.89 1.56 1.00 
 
Table 4.2(b) Magnification of displacement from the case of stationary disk  





θ    
 Ω  0.25 1 2 4 
0.00 1.00 1.00 1.00 1.00 
3.28 0.99 1.07 1.06 1.07 
3.93 1.01 1.09 1.10 1.11 
4.59 1.04 1.13 1.15 1.16 
5.24 1.12 1.20 1.23 1.24 
5.90 1.31 1.32 1.35 1.34 
6.55 1.99 1.55 1.57 1.50 
 
Poisson ratio, rυ , has certain effect on the disks with high modulus ratios.  Fig. 4.19 
summarizes the results for disk with modulus ratio 4.0 and three different Poisson ratios 
of -0.3, 0 and 0.3.  It is observed that for positive Poisson ratios, there is little effect on 
critical speeds.  When the Poisson ratio is negative, the critical speeds are increases and 
instability is postponed.  This observation agrees with Liang (2002).  The trend in 
negative Poisson ratios can be explained by the fact that a negative value would increase 
the radial stress and thus delaying instability. 
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O 0η =  
30ηΔ = °  




Fig. 4.1 Model of a stationary disk, which is loaded at 30 30η° ≤ ≤ °  in the in-plane 





















Fig. 4.2 The radial stress    , circumferential stress     and shear stress     
distributions due to a patch normal compression load =-7.5E+06NmnorP
-1 acting 
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Fig. 4.3 Transverse deflection profile at the outer radius when the disk is 
subjected to four different magnitudes of in-plane compression patch load: 


























Fig. 4.4 Transverse deflection profile at the outer radius when the individual 
stresses are ignored: all stresses    , no radial stress    , no circumferential stress     


















































Fig. 4.5 Displacement for disk subjected to in-plane patch compression force of 
































































Fig. 4.6 The radial stress    , circumferential stress     and shear stress     
distributions due to a patch normal tensile load =7.5E+06NmnorP
-1 acting on 
































Fig. 4.7 Transverse deflection profile at the outer radius when the disk is 
subjected to five different magnitudes of in-plane tensile patch load:  










































































































































Fig. 4.9 The radial stress    , circumferential stress     and shear stress     
distributions due to a patch normal tensile load P tan=7.5E+06Nm-1 acting on 
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Fig. 4.11 Dimensionless critical speeds for stationary disk subjected to uniform in-
plane normal loads of various magnitudes at the outer boundary and rotating 




























Fig. 4.12 Dimensionless critical speeds for stationary disk subjected to uniform in-
plane tangential loads of various magnitudes at the outer boundary and rotating 
transverse point load 
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Fig. 4.13 Dimensionless critical speeds for rotating disk subjected to uniform in-
plane normal loads of various magnitudes at the outer boundary and stationary 





































Fig. 4.14 Magnification of circumferential displacement for rotating disks of 


























Fig. 4.15 Magnification of displacment under point load for disk with  






















Fig. 4.16 Dimensionless critical speeds for rotating disk with elastic foundation  










































































0 1 2 3
Fig. 4.17 Dimensionless critical speeds for stationary disks with different modulus 


























Fig. 4.18 Dimensionless critical speeds for rotating disks with different modulus 





































Fig. 4.19 Dimensionless critical speeds for rotating disks with modulus ratio 4.0 
and different Poisson ratios subjected to stationary transverse point load  
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5 Conclusions and Recommendations 
In this thesis, the MEM has been extended to the study of disk in the transverse direction.  
The findings arising from the numerical study are concluded below, and 
recommendations for future studies are made. 
 
5.1 Conclusions 
Formulation is derived based on MEM for dynamic analysis of disk subjected to relative 
motion with respect to the imposed transverse load.  Two important relative motion cases, 
SD-RTL and RD-STL, are studied.  The relative motion is capable of inducing the disk to 
instability at certain speeds.  Different modes are displayed at these speeds.  These two 
cases differ from one another in terms of the additional geometric stiffness in RD-STL.  
The tensile membrane stress from disk rotation can effectively delay the occurrence of 
instability.  It also shows that any in-plane stresses would affect both the in-plane and 
transverse behaviors of the disks.  Besides the effects of disk rotation and rotating speed, 
disks with larger radius ratios are found to be stiffer and have higher critical speeds. 
 
The study identifies cases when instability cannot be induced.  These are SD-STL, RD-
RTL and a stationary disk subjected to rotating uniform transverse pressure.  The first 
two cases do not involve relative motion while the disk equivalent stiffness remains 
constant throughout the time in the third case.  However, when membrane stresses are not 
axisymmetrical in the third case, instability is induced.  It is concluded that that as long as 
there is periodic change in the disk equivalent stiffness either from the relative motion or 
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the non-axisymmetrical membrane stresses, critical conditions would be reached at 
certain speeds. 
 
Dynamic response of disks is then examined.  It is found that when the disk rotates at 
varying speed, circumferential displacement and shear stress are present as a result of the 
acceleration (or deceleration) of the disk.  These additional effects to the transverse 
response should not be ignored.  Various responses that involve changing rotating speeds 
and load speeds are investigated.   
 
A number of parameters are studied.  The relationships between the critical speeds and 
membrane stresses due to various types of in-plane loading are found.  In general, tensile 
normal forces effectively raise the critical speeds while compressive normal forces 
reduce these speeds.  Tangential loads do not affect the behavior greatly and only reduces 
the critical speeds slightly as a result of the radial stresses induced due to Poisson effect.  
It is shown that, of all stress compoenents, radial stress exerts the greatest effect. 
 
Also, material damping is capable of reducing the magnitude of displacement greatly 
near critical speed.  It also causes asymmetry in the displacement profile.  The simplified 
aerodynamic effect is studied by subjecting the disk to elastic foundation to represent the 
cushioning effect from the air below the disk.  It is found that as the elastic stiffness 
beneath increases, critical speeds are effectively increased.  Finally, the effect of modulus 
ratio is illustrated.  High modulus ratio does not effectively delay the occurrence of 
 98
instability for disk with radius ratio 0.5.  For high modulus ratio of 4.0, negative Poisson 
values would enhance its behavior. 
 
The advantages of MEM are demonstrated in this thesis.  For any membrane stress, its 
effect can be readily added into the formulation.  Other effects like aerodynamic and 
modulus ratio can be incorporated with ease.  It has also demonstrated sufficient accuracy 
when compared with alternative analytical methods. 
 
When compared to traditional FEM, MEM does not require the cumbersome task of 
updating the load position in handling moving load problems as the moving elements 
‘move’ and is always stationary relative to the load point.  Significant computational cost 
is saved.  In steady state case that involves constant load and constant speed, the dynamic 
problem can be reduced to an equivalent static problem requiring only one-step solution.  
It is able to reflect correctly an asymmetrical displacement in the presence of material 
damping in steady state solution.  
5.2 Recommendations for Future Studies 
This thesis has rather extensively looked into different possibilities of use for MEM and 
demonstrated its adaptability in different problems.  It would further enhance the value of 
MEM if individual applications can be studied in details with the complicating effects 
such as temperature, aerodynamic forces and frictions.  Experimental study can be 
conducted to compare with the MEM results for a realistic model in industrial 
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Appendix – Formulation of MEM for in-plane 
The annular disk is discretized in the same way as in Fig. 2.2.  The same element in  
Fig. 2.4 is used by with only two degrees of freedom (DOFs) i.e. ur and uθ at each node. 
T
662211 )( θθθ= uuuuuu rrr LU     (A1)  
Displacement vector  at any point in the element is expressed in terms of 
nodal displacements by means of shape functions, as follows. 
T)( θ= uuru
NUu =   (A2) 













N  (A3) 
Note that the shape functions are necessarily defined in the (r,η ) coordinate system 
instead of the (r, θ ) co-ordinate system.  The (r, η ) co-ordinate system rotates relative to 
the disk and may be called the rotating co-ordinate system.  Assuming polynomial shapes 
of the lowest order possible, an example of the shape functions used is 
))()((2 32221 η−ηη−η−ηΔΔ= RrRN   (A4) 
where R1 and R2 are radii of the outer arc 1-2-3 and inner arc 4-5-6, respectively, η1, η2 
and η3 are the polar angles (in radian) of radial lines 1-6, 2-5 and 3-4, respectively.  The 
band width and sectorial angle of the element are, respectively, 21 RRR −=Δ  and 
13 ηηη −=Δ .  Accordingly, the displacement within the element is assumed to be linear 
along radial lines and quadratic along arc lines.   
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 The strain vector  can be expressed in terms of nodal displacements as 
follows. 
T)( θθθ γεε= rrrε







































































B  (A6) 
Note again that the above is formulated in the rotating co-ordinate (r, ) system.  The 
stress vector σ is related to the strain vector through the elasticity matrix D: 
η
Dεσ =   (A7) 


















ED   (A8) 
Substituting Equation (A5) into Equation (A7), we have the following. 
DBUσ =    (A9)  
The virtual displacement method is applied.  Adopting a consistent formulation, the 
same set of shape functions is used in the virtual system (denoted by over bar).  Thus, 
UNu =   (A10) 
UBε =   (A11) 





W ε= ∫ σ dV   (A12) 
Using Equations (A9) and (A11) and expressing in the ),( θr  coordinate system, it can be 
shown that 
{ UDBBU ∫∫ θ= ddrrhWI TT }   (A13) 
The external virtual work involves nodal forces and inertial forces.  The former is 
represented by nodal force vector F, whereas the latter requires acceleration at every 
material point in the element.  Accordingly, the external virtual work is given by 
∫∫ θρ−= ddrrhWE aNUFU TTT   (A14) 
where  is the acceleration vector defined in the fixed co-ordinate system T)( θ= aara
),( θr .  Considering the following position vector for a material point  
θθ++= eer uur rr )(   (A15) 
the velocity vector (v) and acceleration vector (a) can be obtained as follows 
θθθ +θ+θ+θ−+== eerv )()( uuruurdt
d
rrr &&&&&&  (A16) 
θθθθθ +θ+θ+θ−θ+θ+θ+−θ−θ−+== eeva )22())(2( 22 uuruururuuurdt
d
rrrrr &&&&&&&&&&&&&&&&&&&&  
(A17) 




















&&&ua   (A18) 
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 The acceleration with reference to the fixed frame would involve acceleration relative to 
the rotating frame (first term), the Coriolis acceleration (second term) and centrifugal 
forces (third and fourth terms).  By applying the coordinate transformation  
tΩ+θ=η           (A19) 
























rd uuuu  (A20b) 
Making use of the shape functions as defined in Equations (A4), the above equations can 
be written as 
UNUNuuu && +Ω=+Ω=θ ηη ,,),(dt
rd   (A21a) 




rd  (A21b) 
For the Coriolis acceleration term in Equation (A18), it is convenient to introduce the 





























  (A23b) 
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⎡−Ω+Ω+Ω+Ω+Ω+= ηηηη r&&&&  (A24) 
Equating  and , using the above equation and expressing the integral in the (r, EW IW η ) 
co-ordinate system yield the following equations of motion. 
)(tPUK+VCAM =+   (A25) 
where the equivalent mass, damping and stiffness matrices for the element are, 
respectively,  
∫∫ ηρ= ddrrhNNM T   (A26a) 
∫∫∫∫ ηρΩ+ηρΩ= η ddrrhddrrh NNNNC ˆ2,2 TT  (A26b) 
∫∫∫∫∫∫ ηρΩ+ηρΩ+θ= ηηη ddrrhddrrhddrrh ,ˆ2, T2T2T NNNNDBBK   
 ∫∫ ηρΩ− hrdrdT NN2  (A26c) 






)()( 2TNFP   (A27) 
where F is the external applied load vector to the rotating disk.  By the direct stiffness 
method, the element matrices and the load vector are assembled to form the 
corresponding structure matrices and vector, leading to  
)(tsssssss PUK+VCAM =+   (A28) 
where subscript s denotes the structure (disk).   
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 In the present study, the applied load is constant and thus  is not a function of 
time.  At steady state with the disk rotating at a constant angular speed Ω , Equation (27) 
in fact reduces to an equivalent static system 
sP
sss PUK =   (A29) 
For cases when the disk is rotating at non-uniform speed, the acceleration in Equation 










− −− ⎡ ⎤⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤= + Ω + Ω −Ω +Ω + Ω⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦⎣ ⎦
a u
& & &&& & r
θ  (A30) 










∂ ∂ ∂ ∂= Ω + + Ω +Ω∂ ∂ ∂ ∂ ∂
u u u u u& ηη  (A31) 
As a result the stiffness matrix in Equation (A26) and load vector in Equation (A27) are 








hrdrd hrdrd hrdrdηη η η
η ρ η ρ η
ρ η ρ η ρ
= −Ω +Ω
+Ω + Ω +Ω
∫∫ ∫∫ ∫∫
∫∫ ∫∫ ∫∫
K B DB N N N N
N N N N N N
&
& η  (A32) 
and  
2 1 0( ) ( )
0 1
T Tt t r hrdrd r hrdrdρ η ρ−⎡ ⎤ ⎡ ⎤= − Ω − Ω⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∫∫ ∫∫P F N N & η  (A33) 
With the formulation for the RD-SL demonstrated above, the formulation for SD-RL 
can also be studied as a special case of the above formulation with some changes.  In 
contrast to Equation (A18), since the disk is stationary, the acceleration (of material 






rd θ= ua   (A34) 
Applying the coordinate transformation leads to 
UNUNUNuuNua ηηηηηη Ω+Ω−=Ω+Ω+= ,,2,,2 22 &&&&&&  (A35) 
In view of the above, it can be shown that the equivalent mass matrix remains the 
same as in Equation (A26a).  The equivalent damping and stiffness matrices are  
∫∫ ηρΩ= η ddrrh,2 T NNC   (A36a) 
∫∫∫∫ ηρΩ+θ= ηη ddrrhddrrh ,T2T NNDBBK  (A36b) 
Hence, the formulation for the SD-RL case can be treated as a special case in the 
RD-SL program by simply suppressing the terms associated with the Coriolis effects and 
centrifugal forces.  
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